To analyze the focal characteristics of cylindrically polarized beams, a visual analysis method is proposed. As known, the focal field can be described by three mutually perpendicular components, each one is the total contribution of all parts of the incident beams. For each component of all contributing parts we apply path integral method, then from the path integral curves extract focal field properties immediately, such as polarization state or intensity distribution. The analysis process of PI is visual and more understandable, and has more powerful information extraction function, which is also helpful for the design of special filtering pupil.
Introduction
Over the years, the special focal characteristics of cylindrically polarized (CP) beams have attracted much interest [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . CP beams are also referred as radially polarized (RP) and azimuthally polarized (AP) beams. The special intensity distribution of CP beams on the focal plane has many wide applications. For example, the donut intensity distribution of AP beams can be used in particle trapping [14] [15] [16] [17] . The tight focal spot of the longitudinal field of RP beams is useful in improving the resolution of confocal microscopy [18] [19] [20] [21] and optical data storage [22, 23] .
The basic theory by which focused polarized beams can be analyzed was originally described by Richards and *Corresponding Author: Zhi-lie Tang: Physics and telecommunication engineering college of South China Normal University Guangdong-guangzhou, 510006, China; Email: tangzhl@scnu.edu.cn Cheng-feng Yue, Yong-bo Wu: Physics and telecommunication engineering college of South China Normal University Guangdongguangzhou, 510006, China Wolf [1, 2] in 1959 and remains the basic principle of vector beams' focal problems until now. However, the role of every part that contributes to the focal field cannot be evaluated easily using only algebraic integral calculation, and the results are somewhat puzzling. To overcome these drawbacks, a visual analysis method was proposed that focuses on the path integral(PI) curves rather than purely on mathematical equations.
Contrary to algebraic integral, the advantage of PI is its intuition and understandability. The use of PI will be beneficial to the analysis of vector beams focusing problems, and the combination of PI and algebraic calculation can extract more information, more easily and comprehensively.
Theory of PI
Initially, the concept of PI was proposed in the 1940s by American physicist Feynman [24] for expressing quantum amplitude. Later Feynman used PI to illustrate the superposition of coherent light. For revealing the essence of Fermat's principle, Feynman described the mirror reflection phenomenon by PI method. He divided the mirror into many small pieces as shown in Figure 1(a) . According to the diffraction theory, every ray of light reflected from S point through the mirror to P point may hold, and their amplitudes are same, but the phases are different because of the different paths. So, Feynman represented them with arrows in different directions, as shown in Figure 1(b) . The light field of point P denoted by vector ⃗ AB is the superposition of all these vectors, as shown in Figure 1 Figure 2 shows the geometry of the focal system. According to Richards and Wolf theory, the electric field at point Q generated by RP and AP beams near point P can be written ∑︀ F is the focal plane. O is the center of the lens. F is the focus. P and Q are points on ∑︀ 1 and ∑︀ F , respectively, and Φ and Φ Q are the azimuth angles of P and Q respectively. θ is the diffraction angle of light PF. ∆θ is the angle width of the annular beams
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where φ denotes the azimuth relative to the x-axis. θ is the semi-angular aperture of the annular beams. A 0 (θ) is the light beams' amplitude distribution, which is supposed to be constant A 0 . λ and f are the wavelength and focal length. ρ Q is the distance of point Q to focus F. φ Q is the azimuth of Q to the x-axis. A clear circular aperture can always be treated as the sum of many annular rings with different radius; thus, the focal properties of a narrow (with angular width ∆θ << π/2) annular beams are studied here. In fact, using large numerical annular beams to achieve a tight focus has been proposed by many papers [25] [26] [27] . Here suppose the annular beams numerical aperture(N.A) is 1.
RP beams' focal properties

Transverse focal properties
The annular beams shown in Figure 2 can be separated into a number of small facets (here supposed separated into M), each one with an angle width ∆θ∆φ, where ∆φ = 2π/M. Each facet contributes to the field on Q, so according equation (1), the field on Q is
where Figure 4 , on the curves, between each two neighbor points there is a small vector and each vector denotes the contribution of one small facet to the field on point Q. The small vector's length and direction represent its amplitude and phase respectively. ζ and η are the assistant phase reference axes, and ζ -axis denotes zero phase, and all other direction angles of the small vectors to ζ -axis denote their phase Ψm. There, the first and the last vectors represent respectively the contribution of point P with φ = 0 and φ M = (M − 1) * 2π/M. All M vectors link together, starting from A and ending at B, thus,
− →
ABx denotes the total x polarized component on Q-point generated by all facets of annular beams. The same argument is applied to the y-polarized component, and the final vector is
Phase values on point Q generated by all small fifty facets on the annular beams. Phi is the azimuth of the facets, and Φm = m∆φ 
Longitudinal focal properties
According to formula (2), the longitudinal field of point Q generated by all facets on annular beams can be written as . Ψm still is same as described in Figure 2 . Using PI to express formula(6), we got Figure 6 . There are eleven curves corresponding to eleven points Q i with φ Qi = 0 and ρ Q j = (2j − 1)λ/50, j=1,2,. . .11, and
−−→
A j B j denotes the longitudinal field on Q j . The trend of the curves indicates that the longitudinal field on the focus point is largest. When Q is away from the axis the longitudinal field will decrease, and at Q 10 (ρ Q = 19λ/50) it will be zero. When the radial polarized annular beams is used as the illumination source of a focal microscopy, the HALW will determine the resolution, which is better than a traditional microscopy system's resolution of 0.61λ/N.A. 
Polarization state on the RP focal plane
The polarization state of the total field is determined by the phase difference between the transverse and longitudinal fields. Firstly, Figure 5 indicates that there is no transverse field in the center, so the field on axis is linearly polarized along the z-axis. Secondly, for an off-axis point, the transverse vector is always along η, while the longitudinal vector is always along ζ , so there is always π/2 phase difference between them, so the field is elliptically polarized with z and r as the symmetry axis as shown in Figure 7 , and the long and short axis of the ellipse are determined by the weights of the transverse and longitudinal components.
AP beams focal properties
Produced by annular beams with N.A=1 at Q (ρ Q = λ/8, φ Q = 0) on the focal plane, the PI graphs of x and y polarized components are shown in Figure 8 , where all values are relative toC 3 Figure 3 . Here, the value is relative toC 3 (θ)
paring Figure 7 and Figure 8 we get
In fact, this relationship is coincident with Formula (1), only by considering cos θ is a constant weight. 
There for, the transverse component of RP beams' is donut on focal plane, so AP beam's focal field is donut too. Figure 9 shows the transverse, longitudinal and total intensity distribution on focal plane generated by RP annular beams with N.A=1(aperture angle θ = 0.23π, index n = 1.5), which is calculated by formula (1) using algebraic integral. It can be seen that the intensity distribution's characteristics obtained by PI, such as the field construction and the location of extreme points, are consistent with those obtained by pure algebraic integral, which shows the effectiveness of the PI method in analyzing the focusing of vector beams.
Conclusion
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Figure 9: The transverse (I T ), longitudinal (I L ) and total (I total ) intensity distribution on focal plane generated by RP annular beams with N.A=1 (aperture angle θ = 0.23π, index n = 1.5). Calculated by algebraic integral
But, in Figure 9 , we only can see intensity distribution on focal plane, we can't see more detailed information, nor can we see the specific effect of each incident ray on the final results either. In contrast, PI has obvious advantages. More information of focal field can be extracted directly from PI curves. For example, from Figure 4 , we can get the polarization state of the transverse field at the focal plane. While comparing Figure 4 and Figure 5 , the phase difference between the transverse field and the longitudinal field can be obtained directly, then the total polarization state on the focal plane can be calculated. According to Figure 5 , the RP beams' transverse field's doughnut structure can be predicted. By the changing trend of the PI curves in Figure 6 , the position of the '0' field can be found. Figure 4 (b) together with Figure 8 directly reveal the relationship between AP beams and transverse component of RP beams on focal plane. All above examples indicate that PI has more powerful information extraction function. Those obvious information in PI curves is easily submerged in the pure algebra integral calculating.
At the same time, PI also intuitively illustrate the effect of each part of the incident beam on the results, so when special focus field is needed, such as a tighter focusing, the use of PI will greatly improve the initiative in the designing of filter pupil.
Take the advantage of PI, even the focus field polarization distribution can be modulated, For example, according to Figure 4 (b) and Figure 6 , if half-wavelength filter is used in the half-space bounded by x-axis, it is easy to conclude that the x and longitudinal components will be zero, while the original zero y-polarization component will no longer be zero, that means the field on the x-axis will change from elliptical polarized to y-direction linear polarized light. So with the help of PI analysis, it's hopeful to design appropriate filter pupil to modulate light beams to meet different polarization requirements, which will be of great use in atomic capturing and manipulating, optical information coding, etc.
